Money, Endogenous Fertility and Economic Growth by Petrucci, Alberto
Università degli Studi del Molise
Facoltà di Economia
Dipartimento di Scienze Economiche, Gestionali e Sociali
Via De Sanctis, I-86100 Campobasso (Italy)
The Economics & Statistics Discussion Papers are preliminary materials circulated to stimulate discussion
and critical comment. The views expressed in the papers are solely the responsibility of the authors.






University of Molise, Department SEGeS
and
LUISS G. Carli, Department of EconomicsALBERTO PETRUCCI
Universita’ del Molise and LUISS G. Carli




This paper analyzes the issue of money superneutrality through an intertem-
poral optimizing model of capital accumulation with endogenous fertility, i.e. en-
dogenous population growth. Two elements of this setup invalidate money su-
perneutrality: i) a demand for fertility that depends on real money balances,
and ii) an inverse relation between capital-labor ratio and population growth.
Higher monetary growth increases fertility, since it reduces its opportunity cost,
and hence diminishes capital intensity, and per capita output. This reverse Tobin
e¤ect is matched by an increase in aggregate capital and output growth rates. In
this framework, the optimal monetary growth rule is a ”distorted Friedman rule”.
Keywords: Money superneutrality; In‡ation; Fertility; Capital accumulation
JEL classi…cation: O42, O11, J131. Introduction
Sidrauski’s (1967) result on money superneutrality, obtained within an intertem-
poral optimizing growth model with money in the utility function, strongly hinges
on the validity of the modi…ed golden rule. In fact, this condition, which states
the equality between the marginal product of capital and the sum of the rate of
time preference and population growth, determines in isolation capital stock when
some assumptions on the economic environment are satis…ed and, in addition, the
population growth rate is constant.1
No attempts have been made so far to incorporate and analyze the hypothe-
sis of an endogenous population growth rate within monetary models of capital
accumulation. The purpose of this paper is to explore this neglected aspect of
the theoretical literature through a simple monetary growth model àl aSidrauski,
and investigate how the e¤ects of anticipated in‡ation on capital accumulation
and growth are a¤ected.
The paper considers a model with an endogenous fertility choice, where the
number of children enters directly into the utility function of consumers,2 along
with consumption and real money balances.
We discover that the assumption of a variable population growth represents a
source of money non-superneutrality not considered before. There are two crucial
elements that invalidate money superneutrality in this setup: i) a demand for
fertility that depends on …nancial wealth and hence on real money balances; and
2ii) an inverse relation between capital-labor ratio and population growth. A higher
monetary growth rate increases fertility, as by reducing real balances holdings it
diminishes the opportunity cost of one unit of fertility, which in turn stimulates
people to increase fertility and hence results in a reduction of capital intensity, per
capita output and consumption. However, the reverse Tobin e¤ect on per capita
output and capital is matched by an increase in aggregate output and capital
growth rates, as these expansion rates coincide with fertility.
Moreover, we …nd that when population growth is endogenous, the optimal
monetary policy rule is a distorted Friedman rule, which can call for either a
contraction or an expansion of the money supply.
The paper is organized as follows. Section 2 presents the theoretical model.
Section 3 analyzes the property of stability. Section 4 examines the steady state
e¤ects of higher money supply growth rate. Section 5 determines the optimal
monetary policy rule and section 6 draws conclusions.
2. The model
Consider a monetary closed economy populated by identical agents who are in…nitely-
lived, accumulate wealth in the form of money balances and physical capital,
behave competitively and have perfect foresight. Money is introduced into the
economy by inserting real balances into the utility function of economic agents.
The population size grows at an endogenously determined rate of expansion.
This is obtained by inserting the fertility rate into the utility function of the repre-
3sentative agent and allowing it to be endogenously chosen; see, for the same demo-
graphic structure, Wang-Yip-Scotese (1994), Barro-Sala-i-Martin (1995), Palivos
(1995), and Yip-Zhang (1997). The fertility rate corresponds to population growth
because the mortality rate is zero and, as the economy is closed, there is no im-
migration from the rest of the world.
The representative agent makes consumption, fertility, and savings decisions




subject to the time allocation constraint
l + h(n)=1 (2)





k= f(k;l)+s ¡ (n + ¼)m ¡ nk (3)
and the initial condition k(0) = k0,
where c=per capita consumption; n=fertility rate; m=per capita real money bal-
ances; l=labor; h( )=time spent for child-rearing; k=per capita capital stock; f(,
)=per capita output; s=per capita public lump-sum transfers; ¼=actual in‡ation
rate; and ±= r a t eo ft i m ep r e f e r e n c e( e x o g e n o u s ) .
The instantaneous utility function is additively separable in consumption and
fertility, on the one hand, and money holdings, on the other. The sub-utility
4function u is twice-continuously di¤erentiable, increasing and strictly concave in
its arguments. c and n are assumed to be normal goods. Regarding the sub-utility
function v, we assume that it is twice-continuously di¤erentiable, strictly-concave




where mx gives the satiation level of real money balances. Therefore, the marginal
utility of money is positive (negative), if m< (>) mx. See Friedman (1969) and
Turnovsky-Brock (1980) for an identical hypothesis.
According to the time allocation constraint (2), the …xed time endowment
(normalized to one) can be divided between labor and child-rearing.3 The function
h(n) represents the time cost of child-rearing, with h(0)=0 and -for n>0- h>0,
h0>0, and h00 70.4
Per capita output is obtained by using capital and labor as inputs. The pro-
duction function, f( ), satis…es the usual properties of regularity, exhibits constant
returns to scale and satis…es the Inada conditions.
Total income available for consumption and savings takes into account the
in‡ation tax on money holdings, population growth, which reduces per capita
wealth, and includes government transfers.
After inserting the time constraint (2) into the production function for l,t h e
present value Hamiltonian for the above dynamic optimization program is
H = u(c;n)+v(m)+¸ff[k;1 ¡ h(n)] + s ¡ (n + ¼)m ¡ nk ¡ cg
5where ¸ is the shadow value of wealth.
The …rst-order conditions for the consumer’s optimization problem are
uc(c;n)=¸ (4a)
un(c;n)=¸ffl[k;1 ¡ h(n)]h
0(n)+k + mg (4b)
:
¸ ¡¸± = ¡[v
0(m) ¡ ¸(¼ + n)] (4c)
:
¸ ¡¸± = ¡¸ffk[k;1 ¡ h(n)] ¡ ng (4d)
The ‡ow budget constraint (3) and the proper transversality conditions must also
be satis…ed at the optimum.
The …rst two equations (4a)-(4b) are the static e¢ciency conditions. According
to equation (4a), the marginal utility of consumption must equal the marginal
utility of wealth. Equation (4b) asserts that the marginal rate of substitution of
consumption for fertility must equal the opportunity cost of one unit of fertility
in output terms, given by the marginal product of labour times the marginal
time-cost of child-rearing plus per capita total wealth.
Equations (4c) and (4d) derive from intertemporal arbitrage relationships,
which implicitly state that in equilibrium the rate of return on consumption,
6given by ±¡
:
¸= ¸ , has to be equal to the real return on each asset, which are
given by v0(m)=¸ ¡ (¼ + n), for real money balances, and fk[k;1 ¡ h(n)] ¡ n,f o r
capital.
Conditions (4) are necessary, but not su¢cient for the optimum, since the
production function f( , ) in the budget constraint (3) may no longer be concave
because of the external e¤ect of n. The su¢cient condition for a unique maximum
requires that the Hessian of H is negative de…nite. This condition is satis…ed if,
in addition to the strict concavity of the instantaneous utility function and the
production function, the opportunity cost of children in terms of output, flh0,
is strictly increasing in n,i . e . fll(h0)2 ¡ flh00 < 0. We assume that the latter
condition holds throughout.
The goods market equilibrium condition requires
f[k;1 ¡ h(n)] = c+
:
k +nk (5)
where the time allocation constraint (2) has been used.
The monetary authority allows the nominal money supply to grow at a con-
stant rate, given by µ. Therefore, the evolution of real money balances per capita
is
:
m= m(µ ¡ ¼ ¡ n) (6)
Finally, the seigniorage from money creation is transferred to the private sector
in a lump-sum fashion:
7s = µm (7)
3. Stability analysis
The general macroeconomic equilibrium -obtained by combining the optimality




0(n)+k + mg (8b)
v
0(m)=¸ffk[k;1 ¡ h(n)] + ¼g (8c)
:
¸= ¸f± + n ¡ fk[k;1 ¡ h(n)]g (8d)
:
m= m(µ ¡ ¼ ¡ n) (8e)
f[k;1 ¡ h(n)] = c+
:
k +nk (8f)
together with the transversality conditions.5
8Equations (8a)-(8c) may be solved for c, n and ¼ in terms of the endogenous
dynamic variables (¸, m, k)i nt h ef o r m :
c = c(¸;m;k);c ¸ =¥ =§ < 0; cm = ¡ ¸u cn=§ 7 0; ck = ¡ ¸ - ucn=§ ? 0;
(9a)
n = n(¸;m;k);n ¸ = ¡ª=§ < 0; nm =¸u cc=§ < 0; nk =¸ - ucc=§ < 0; (9b)
¼ = ¼(¸;m;k);¼ ¸ = ¡[¸f klh





0ucc]=§ < 0; ¼k = ¡ ¸ (fkk§ ¡ fklh
0- ucc)=§ ? 0; (9c)
where overbar variables denote long-run equilibrium values and ¥=unn¡(un=uc)ucn¡
uc[fll(h0)2 ¡ flh00] < 0; ª = ucn ¡ (un=uc)ucc > 0; § = ¥ucc ¡ ªucn > 0; and
-= 1 + h0fkl > 0:
By substituting the above short-run solutions for c, n and ¼ in equations (8d),
(8e) and (8f), linearizing the sub-system (10) around the long-run equilibrium, we





















































´11 = ¡ ¸ ª- <0; ´12 =¸
2
- ucc<0; ´13 =¸ (¸ - 2ucc ¡ §fkk) ? 0;
´21 =m [¸ ª- + (fk+ ¼)§]= ¸>0; ´22 = ¡ m (v00§+ ¸
2
- ucc)= ¸>0;
´23 = ¡ m (¸ - 2ucc¡§fkk) ? 0; ´31 =¡ ª¡¥>0; ´32 =¸ (ucn¡¡ucc) ? 0;
´33 = ±§+ ¸ -( ucn ¡ ¡ucc) ? 0;a n d ¡=flh0+ k> 0:
Since the economy has two jump variables, ¸ and m; and one predetermined
variable, k, saddle-point stability requires that the matrix of coe¢cients in model
(10) must have a negative determinant, since it must admit two positive and one
negative eigenvalues. Thus for this requisite to be satis…ed, it is required that
¢=¡v
00[ª(±- ¡ ¡fkk)+¥ fkk¡ ¸ -
2]+
+ ¸ (fk+ ¼)[fkk(ucn ¡ ¡ucc)+±- ucc] > 0 (11)
The determinant condition (11) does not per se g u a r a n t e et h a tw eh a v et w o
positive characteristic roots and a negative one, as it could be also satis…ed with
three negative roots leading to a globally stable economy instead of a saddle-point
equilibrium. Since the trace of the state matrix in (10), given by ± ¡ v00 m = ¸,
is unambiguously positive, we are ensured that, once condition (11) holds, the
dynamic system is saddle-point stable.
4. Long-run e¤ects of money supply growth
The core steady state equilibrium model is
10un(c;n)
uc(c;n)
= fl[k;1 ¡ h(n)]h
0(n)+ k + m (12a)
v0(m)
uc(c;n)
= ± + µ (12b)
fk[k;1 ¡ h(n)] = ±+ n (12c)
f[k;1 ¡ h(n)] =c + nk (12d)
There are some special features of the long-run equilibrium that must be em-
phasized. First, the demand for fertility, derived from equation (12a), is strictly
interconnected with the monetary side of the economy as it depends directly on
…nancial wealth and hence on real money balances.6 Second, the modi…ed golden
rule, i.e. equation (12c), no longer determines capital intensity by itself, but
establishes an inverse relationship between capital stock (as well as capital inten-
sity) and population growth.7 These two elements allow for the violation of money
superneutrality. Third, while per capita variables have no long-run growth, ag-
gregate variables grow at the endogenous rate n.
The basic steady state e¤ects of money supply growth are given by:
d k
dµ
= ¡ ¸ - un=¢ < 0;
d n
dµ










= ¡[ª(±- ¡ ¡fkk)+¥ fkk¡ ¸ - 2]un=¢ < 0;
where ¢ > 0 has been de…ned in (11).
An increase in the rate of monetary growth raises the implicit cost of hold-
ing money, i.e. fk+ ¼= ± + µ, and hence reduces real money balances. The
lower money holdings in turn stimulate (for a given level of consumption) fer-
tility, because the opportunity cost of one unit of fertility, namely flh0+k + m
diminishes (for a given capital stock). This latter e¤ect generates, through the
modi…ed golden rule, a decline in the demand for capital that brings about a
reduction of per capita output and consumption. The higher monetary growth
also reduces labor e¤ort, since the rise in fertility implies a larger consumption of
time for child-rearing which lowers the time that can be devoted to work. The
marginal product of capital, which in equilibrium is equal to ±+ n, increases and
the capital-labor ratio declines.
The basic comparative statics results can be illustrated with the aid of Fig. 1.8
Here is drawn the marginal product of capital schedule, given by the fk[k;1¡h(n)]
schedule, where n is parametrically given; this schedule is downward sloping and
asymptotically reaches the horizontal axis. A parametric increase in the fertility
rate shifts the marginal product of capital schedule down. The other schedule in
Fig. 1 is the adjusted rate of time preference schedule, namely the ±+ n schedule,
drawn horizontally as it is independent of k.
[Insert Fig. 1 about here]
12By raising fertility, the monetary expansion rate shifts the ±+ n schedule
upward and the fk[k;1 ¡ h(n)] schedule downward. The equilibrium moves from
point A to point B in Fig. 1 with an accompanied fall in capital stock and
capital intensity.9 The thick curve drawn in the diagram represents the equation
fk[k;1 ¡ h(n)] = ±+ n, which implies the inverse relationship between n and k,
being a part of the driving forces of the results.
In‡ation is increased by the shock, but by less than the rise in µ because of the
higher fertility rate.10 Since the real interest rate is increased, the Fisher relation
is invalidated. However, the nominal interest rate follows one-to-one the increase
of the money supply growth.
The money supply growth rate unambiguously lowers steady state welfare,
that is, the negative consequences on consumption and real money balances over-
compensate the positive e¤ect exerted on fertility.
In addition, it is worth noticing that while a higher money growth rate lowers
capital intensity and per capita output -i.e. a reverse Tobin e¤ect in per capita
terms occurs- and leaves their long-run rate of expansion una¤ected, it increases
the growth rate of capital and output levels (because they grow at rate n). That
is, we have a sort of Tobin e¤ect in aggregate growth terms.
Finally, two comments are in order. First, despite the model based on endoge-
nous fertility is similar to the corresponding model with an endogenous labor-
leisure choice,11 the two models are qualitatively non-equivalent as the long-run
e¤ects of in‡ation di¤er substantially. In fact, money is superneutral in the model
13with an endogenous labor supply if preferences are separable in consumption-
leisure and money balances. See, for example, Brock (1974) and Wang-Yip (1992).
The model with endogenous fertility, on the contrary, exhibits a reverse Tobin ef-
fect when preferences are separable in consumption-fertility and money balances.
The similarity between the two models is due to the apparently identical role
of leisure and fertility. Fertility is at the same time a good as well as an input,
like leisure. Di¤erently from leisure, however, fertility enters the private budget
constraint (3) not only through the production function, but also through the
term (n+¼)m+nk. This element makes the demand for fertility depend on real
money balances, creating an interdependence between the real and monetary sides
of the economy and accounting for the di¤erent results between the two models.
Second, our results are based on preferences which are separable in consumption-
fertility and real balances.12 Some curiosity emerges about what would happen if
fertility were not separable from real balances in the instantaneous utility func-
tion, while it could be separable from consumption. When the instantaneous




= fl[k;1 ¡ h(n)]h
0(n)+ k + m (12a”)
This implies that the demand for fertility can be implicitly expressed as14
n= n(c;m;k); nc > 0; nm 7 0; nk < 0 (12a”’)
14The implications of the new preferences considered depend entirely on the
implied interaction between the real and the monetary sides of the economy. This
interaction is governed by sgn(nm)=sgn(znm ¡ w0). The model exhibits a reverse
Tobin e¤ect if nm < 0; this happens when w0 >z nm, regardless the sign of znm.
Therefore a possible Tobin e¤ect may only arise if znm >w 0 > 0.
This example demonstrates once more, within the money in the utility func-
tion approach, the substantial di¤erence between the endogenous fertility and the
elastic labor supply hypotheses. If an instantaneous utility function separable in
consumption and leisure-money was considered in the model with elastic labor-
leisure choices, a higher µ would result in a reverse Tobin e¤ect only when the
marginal utility of leisure is decreasing in money balances.
5. Optimal monetary growth rule
Determination of steady state optimal monetary growth is based on the assump-
tion that the government seeks to maximize the welfare function of the repre-
sentative agent subject to the model of the economy, given by system (12) as a
constraint.
We can make some simpli…cations. If we express consumption (by using si-
multaneously the modi…ed golden rule and the resources constraint) and the pop-
ulation growth rate (by employing equation 12c) as implicit functions of capital
stock -i.e. c=
a
c (k) and n=
a
n (k) respectively- and capital stock (by using equa-
tions 12a, 12c, and 12d) as a function of real money balances -i.e. k=
a
k (m)-, the
























ck=[ ±- ¡ ¡fkk]=- > 0;
a
nk= fkk=- < 0;
a
km=¸ - =[ª(±- ¡ ¡fkk)+¥ fkk¡ ¸
- 2] > 0:



























16where ¹1 is the Lagrange multiplier associated with constraint (13b) and asterisks
denote the socially optimal steady state values.15 The endogenous variables of
system (14) are k
¤
, m
¤, ¹1 and µ
¤.
Substituting relationships (14a), (14b) and (14c) into equation (14d), the op-



























[ª(±- ¡ ¡fkk)+¥ fkk¡ ¸
¤
- 2]
¡ ± ? 0 (15)
From equation (15), we see that in our context the Friedman full liquidity
rule -i.e. µ
¤F=–± or fk + ¼=0- is not optimal, since the money supply growth
rate a¤ects the fertility choice, which distorts the long-run capital intensity. The
optimal monetary policy rule requires a balancing for the partial e¤ects exerted
by the population growth on both the net and the gross return on capital. These
e¤ects are negative, but enter equation (15) with both positive and negative signs.
The rule speci…ed in (15) can prescribe either a contraction or an expansion rate of
money supply. Accordingly, the nominal interest rate corresponding to µ
¤ can be
either negative or positive. If ± +µ
¤ is negative (positive), the optimum quantity
of money balances must be pushed beyond (kept below) the satiation level mx,a s
v0< (>)0 .
Also in terms of the normative analysis, the di¤erence between the monetary
growth model with endogenous fertility and the monetary growth model with
17an endogenous labor supply is substantial. In the latter model when the in-
stantaneous utility function is separable in consumption-leisure and money, the
Friedman rule is optimal since money is superneutral.
6. Concluding remarks
This paper has examined the steady state consequences of the money supply
growth rate in an optimizing monetary model of capital accumulation with en-
dogenous population growth.
The analysis identi…es a source of non-superneutrality not studied before.
When endogenous population growth is incorporated into Sidrauski’s monetary
growth model, the modi…ed golden rule is incapable of fully determining the
capital-labor ratio, since capital intensity becomes interdependent with other
variables of the model through the fertility choice. An inverse relation between
per capita capital stock and population growth, together with a fertility demand
that depends on …nancial wealth, is the crucial element at the root of the non-
superneutrality of money discovered in the present setup. By reducing the real
balances holdings, a higher monetary growth rate diminishes the opportunity cost
of fertility, which in turn stimulates people to increase fertility and hence results
in a reduction of capital intensity.
The reverse Tobin e¤ect on per capita output and capital is matched by an
increase in aggregate output and capital growth rates.
In this framework, the optimal monetary growth rule can call for either a
18contraction or an expansion of money supply.
Finally, despite similarities with the model that incorporates an endogenous
labour supply into the money in the utility function approach, the model with an
endogenous fertility choice exhibits quite di¤erent positive and normative results
in terms of in‡ation and growth analysis.
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c = per capita consumption.
n = fertility rate.
u( , ) = sub-utility function.
m= per capita real money balances.
v( ) = sub-utility function.
mx = satiation level of per capita real money balances.
t =t i m e .
± =r a t eo ft i m ep r e f e r e n c e( e x o g e n o u s ) .
l = labor.
h( ) = time spent for child-rearing.
k = per capita capital stock.
f( , ) = per capita output.
s = per capita public lump-sum transfers.
¼ = actual in‡ation rate.
¸ = shadow value of wealth.
µ = nominal money supply growth rate.
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¤ This paper was written while the author was visiting Columbia University
and revised during his visit to Stanford University. The author would like to
thank, without holding them responsible for errors and omissions, Philip Cagan,
Filippo Cesarano, Ned Phelps, Furio Rosati, participants at the Money, Macro
and Finance Conference of London, three anonymous referees and one Editor of
the Journal, Theodore Palivos, for constructive comments and helpful suggestions.
CNR has provided …nancial assistance.
1 The main ”environmental” assumptions that support money superneutrality
are: i) in…nitely-lived agents; ii) a constant subjective discount rate; iii) a rate
of return on capital independent of real money balances; iv) an exogenous labor
supply; and v) the absence of uncertainty. See Carmichael (1982), Danthine-
Donaldson-Smith (1987), and Orphanides-Solow (1990).
2 In this regard, we employ the standard practice of the literature on optimizing
real growth models with endogenous fertility; see, for example, Razin-Ben-Zion
(1975), Barro-Becker (1989), Palivos (1995), and Nerlove-Raut (1997).
3 We follow Wang-Yip-Scotese (1994) and Palivos (1995) on using a time allo-
cation constraint where the fertility rate indirectly enters. Alternatively, Barro-
Sala-i-Martin (1995) considers explicitly a child-rearing cost function (which de-
24pends directly on n and k) in the budget constraint of the representative consumer.
None of our results would change under the Barro-Sala-i-Martin approach.
4 When h00<0, there are economies of scale in child-rearing; see Palivos (1995)
for a discussion.
5 Lump-sum transfers are omitted, since they can be solved residually.










7 This is the exact opposite of Malthus’s prediction (see, e.g., Barro-Sala-i-
Martin, 1995, and Yip-Zhang, 1997).
8 The illustration of Fig. 1 was suggested by one referee.
9 If n is invariant as in Sidrauski’s model, nothing will happen against monetary
e x p a n s i o n . I ft h er a t eo ft i m ep r e f e r e n c e± is a function of consumption and
real balances (as in Epstein-Hynes, 1983, and Hayakawa, 1992), hence a function
of capital intensity and real balances, the ±+ n schedule, having a curvature
(increasing …rst and decreasing later), will shift downward as real balance holdings
fall, giving rise to the non-superneutrality of money in the direction of the Tobin
e¤ect.
2510 The endogeneity of population growth breaks the one-to-one correspondence
of the long-run in‡ation rate with the money supply growth rate as it typically
occurs in neoclassical models with constant population growth.
11 This can be clearly seen if we re-write the long-run model in terms of l by
eliminating n= h¡1(1¡ l).
12 Note however that the results obtained above still hold if ucn =0 .
13 Also equation (12b) changes functionally, but not qualitatively.
14 Equation (12a”’) is the surrogate of equation (12a’) in note 6.
15 The maximization problem (13) admits another necessary condition, namely
¹2uc =0 ,w h e r e¹2 is the Lagrange multiplier associated with constraint (13c).
This condition, which implies ¹2 =0 , has been included in system (14). The
alternative case contained in such a condition, i.e. uc=0, is not possible, since
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Figure 1